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Multivariable nonlinear equation systems often appear in engineering, physics, 
economics, and artificial intelligence modeling, but often do not have closed 
analytical solutions. Therefore, accurate, efficient, and stable numerical 
methods are needed. This study aims to comparatively evaluate three iterative 
methods, namely Multivariate Newton-Raphson, Newton-Kantorovich, and 
Levenberg–Marquardt, in solving identical high-complexity multivariable 
nonlinear systems. Simulations were performed using MATLAB with an error 
tolerance of 0.001 and a maximum iteration limit of 100. The test system 
consisted of a combination of trigonometric, exponential, and polynomial 
functions, resulting in nonlinear interactions that were challenging for each 
method. The simulation results show that Levenberg–Marquardt excelled with 
only 6 iterations and a final error of 3.246 × 10⁻¹⁰, indicating high stability and 
efficiency, followed by Multivariate Newton-Raphson with 13 iterations and an 
error of 4.606 × 10⁻⁹, while Newton-Kantorovich requires 27 iterations with an 
error of 5.770 × 10⁻⁷, reflecting slower semi-local corrections. Three-
dimensional visualization shows the intersection point of the surface as a 
solution, providing an intuitive understanding of the iteration trajectory 
characteristics of each method. The novelty of this research lies in the 
integrated numerical simulation framework that allows direct quantitative 
comparison of the three methods on identical systems with the same initial 
conditions, tolerance, and iteration limits. These findings provide important 
empirical references for selecting efficient and stable iterative methods for 
multivariable nonlinear systems, as well as practical guidance for numerical 
applications in engineering, physics, and scientific computing. 

 
1. Introduction 

A nonlinear equation system is a set of equations involving variables with nonlinear relationships, such as power, 
exponential, logarithmic, and trigonometric functions. Such systems are commonly found in various fields, including 
applied mathematics, physics, engineering, economics, and artificial intelligence [1]. In various modern applications 
such as engineering optimization, physical system modeling, and intelligent computing, nonlinear systems are often 
large-scale and complex, requiring stable and efficient numerical methods. Since they generally do not have closed-
form analytical solutions, their solution requires effective numerical approaches to obtain accurate approximate 
solutions [2]. In recent years, the increasing complexity of computational models in science and engineering has further 
strengthened the need for iterative methods that are not only accurate but also computationally efficient and stable 
against initial value variations, especially in high-dimensional and ill-conditioned systems that are sensitive to numerical 
disturbances [3]. 

One of the most widely used numerical methods is the multivariate Newton–Raphson method, which is a 
generalization of the single-variable Newton–Raphson method for solving systems with more than one variable [4]. This 
method works by linearizing nonlinear functions through first-order Taylor series around the starting point, then solving 
the linear system iteratively using a Jacobian matrix containing partial derivatives [5]. The speed and accuracy of 
convergence are greatly influenced by the accuracy of the Jacobian calculation and the selection of initial values that 
are close enough to the actual roots. Although known to be fast and efficient, this method is sensitive to initial conditions 
and has the potential to diverge in highly complex or discontinuous systems, so in large-scale computing practice, it 
often requires additional initialization or modification strategies to maintain convergence stability [6]. 

In addition to these methods, another approach that is also used is the Newton–Kantorovich method, an 
extension of the Newton method formulated based on operator theory and functional analysis [7]. Unlike Newton–
Raphson, which is generally applied in finite-dimensional spaces, Newton–Kantorovich utilizes a Banach space-based 
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approach and Fréchet operators so that it can be applied to systems in infinite function spaces [8]. This approach 
provides local convergence guarantees under certain conditions and is suitable for handling more complex nonlinear 
system structures [9]. However, this method requires explicit operator formulations and in practice often requires a 
larger number of iterations [10]. Although it has a stronger theoretical foundation, computational implementation 
challenges remain an important aspect, particularly regarding operator evaluation and the formation of Fréchet 
derivatives, which are computationally more expensive than the classical Jacobian approach [11][12]. 

Another widely used method is the Levenberg–Marquardt method, which combines the characteristics of the 
Gauss–Newton method and the gradient descent method [13]. This method was developed to improve stability while 
accelerating convergence in solving nonlinear equation systems, especially when the initial iteration value is not close 
to the root of the solution [14]. By introducing a damping factor, this algorithm is able to adaptively adjust its iterative 
behavior: acting like gradient descent when far from the solution to maintain stability, and resembling Gauss–Newton 
when approaching the solution to accelerate convergence [15]. This flexibility makes the Levenberg–Marquardt method 
more robust in dealing with systems with complex structures and unstable numerical conditions [16], and it is widely 
applied in optimization and computational modeling due to its ability to balance accuracy and computational efficiency, 
especially in problems involving least-squares-based nonlinear objective functions [17]. 

Various experimental and computational studies show that the multivariate Newton–Raphson, Newton–
Kantorovich, and Levenberg–Marquardt methods make significant contributions to solving nonlinear equation systems 
[18][19][20]. The multivariate Newton–Raphson method generally converges quickly, especially for medium to high-
dimensional systems, with very small final errors, but it is sensitive to the choice of initial values and Jacobian conditions 
[21][22]. Newton–Kantorovich is more stable, with a wider semilocal convergence domain of around 35–45%, making 
it more tolerant to variations in the initial point and complex system structures [23][24]. Meanwhile, Levenberg–
Marquardt stands out for its adaptive nature; this method is able to balance stability and convergence speed, reducing 
errors by 70–85% in the initial iterations, and maintaining good performance in ill-conditioned systems [25][26]. These 
findings confirm that each method has different theoretical and computational characteristics, so the choice of method 
is greatly influenced by the system structure, numerical conditions, and initial value configuration. To date, there is no 
integrated evaluation framework that allows direct quantitative comparison of the three methods under identical 
computational conditions [27]. 

However, most previous studies evaluated the Newton–Raphson, Newton–Kantorovich, and Levenberg–
Marquardt methods separately or in different experimental configurations, so direct comparisons on identical 
multivariable nonlinear equation systems are still limited. Differences in test system structure, tolerance parameters, 
and initial values have the potential to cause interpretation bias, making it difficult to objectively determine the most 
effective method. Therefore, this study aims to conduct a systematic comparative analysis between Multivariate 
Newton–Raphson, Newton–Kantorovich, and Levenberg–Marquardt using the same nonlinear equation system, with 
uniform computational conditions, identical initial values, equivalent error tolerances, and consistent maximum iteration 
limits. The novelty of this research lies in the application of an integrated numerical simulation framework that enables 
fair, standardized, and replicable quantitative evaluation under identical computational conditions, which has not been 
available in previous literature. With this approach, the research is expected to provide a stronger empirical contribution 
to the numerical computation literature while also serving as a methodological basis for selecting the most appropriate 
iterative method for solving multivariable nonlinear systems in various scientific and engineering applications. 

 
2. Research Method 

This study uses a quantitative approach through numerical simulation to compare the accuracy levels of the 
multivariate Newton-Raphson, Newton-Kantorovich, and Levenberg–Marquardt methods in solving nonlinear equation 
systems. The type of research used is a comparative study with a numerical experimental design, in which the three 
methods are systematically implemented on the same nonlinear equation system [28]. The equation system used 
consists of three multivariable nonlinear functions, involving trigonometric, exponential, and polynomial elements, to 
represent the complexity of high-dimensional nonlinear systems. The algorithms were implemented using the of 
MATLAB software (version 2018), with evaluation metrics including: (1) absolute error value against the exact solution, 
(2) number of iterations until convergence, and (3) computation time. The results of each method were analyzed 
descriptively and quantitatively to assess the level of the accuracy and numerical efficiency produced [10]. All simulation 
and data processing procedures were conducted under controlled computational settings to ensure objective and 
reproducible comparisons. 

 
 2.1 Multivariate Newton-Raphson Method 

The Multivariate Newton-Raphson Method is one of the iterative techniques commonly used to solve multivariable 
nonlinear equation systems, namely equation systems involving more than one variable with nonlinear relationships 
[29]. This method is based on the linearization of nonlinear functions through first-order Taylor series around the starting 
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point [30]. The iterative process involves the Jacobian matrix 𝐽(𝑥), which contains the partial derivatives of each function 
with respect to each variable, as shown in Equation (1): 
 

𝐽(𝒙) = [

∂𝑓1

∂𝑥1

⋯
∂𝑓1

∂𝑥𝑛

⋮ ⋱ ⋮
∂𝑓𝑛

∂𝑥1

⋯
∂𝑓𝑛

∂𝑥𝑛

]. (1) 

 
The iterative steps of this method can be expressed as Equation 2: 

 

x(𝑘+1) = x(𝑘) − 𝐽−1(x(𝑘)) ⋅ F(x(𝑘)) (2) 

 

In this Equation 1 and 2, 𝑥(𝑘)is the approximation vector of the solution at iteration k, for example 𝑥(𝑘) =

[𝑥(𝑘), 𝑦(𝑘), 𝑧(𝑘)]𝑇.  𝐹(𝑥(𝑘)) = [𝑓1(𝑥(𝑘)), 𝑓2(𝑥(𝑘)), 𝑓3(𝑥(𝑘))]𝑇 is the evaluation of the function at point  𝑥(𝑘), and 

𝐽−1(𝑥(𝑘)) is the inverse of the Jacobian matrix at point 𝑥(𝑘), which is used to calculate the direction correction and the 

size of the iterative step so that the solution approaches the exact root. The difference 𝑥(𝑘+1) − 𝑥(𝑘) represents the 

correction vector applied to the current approximation. The advantage of this method lies in its ability to adaptively adjust 
the direction of the solution search at each iteration, so that it tends to converge quickly if the initial guess is close 
enough to the solution [31]. However, the computational load is high because it is necessary to calculate and invert the 
Jacobian matrix at each iteration. 
 
2.2 Newton-Kantorovich Method 

The Newton-Kantorovich method is a variation of Newton-Raphson that uses a similar linear approximation but 
with tighter convergence in theory [32]. Unlike Newton-Raphson, the Jacobian is only calculated once at the starting 

point x(0) and is used throughout the iteration, as formulated in Equation 3: 

 

x(𝑘+1) = x(𝑘) − 𝐽−1(x(0)) ⋅ F(x(𝑘)) (3) 

 

Here, 𝑥(𝑘) is the approximate solution at iteration 𝑘, 𝐽(𝑥(0))  is the Jacobian calculated once at the starting point 

and not updated during iteration, while 𝐹(𝑥(𝑘)) is still calculated at the current approximation point so that the iteration 

still adjusts the correction to the estimated solution position. The use of a fixed Jacobian reduces the computational 
load, but makes this method more sensitive to the level of nonlinearity of the function and the choice of initial values. 
The iterative step correction may not be as accurate as Newton-Raphson, so the risk of failed convergence is higher, 
especially if the function is highly nonlinear or the starting point is far from the solution [33]. 
 
2.3 Levenberg–Marquardt Method 

The Levenberg–Marquardt method is an iterative algorithm that combines the characteristics of the Gauss–
Newton method and gradient descent [34]. Its purpose is to improve stability and accelerate convergence, especially 
when the initial iteration value is not close to the solution. This algorithm is designed to minimize the sum of squares of 
a nonlinear function, which can be mathematically expressed as shown in Equation 4: 
 

min
𝑥

∥ 𝑓(𝑥) ∥2 = 𝑖 = ∑ 𝑓𝑖(𝑥)2

𝑚

𝑖=1

 (4) 

 

In the context of solving multivariable nonlinear systems of equations, the parameter vector 𝑥 ∈ ℝ𝑛 represents 

the variables whose values are to be found, while the function vector 𝑓(𝑥) = [𝑓1(𝑥), 𝑓2(𝑥), … , 𝑓𝑚(𝑥)]𝑇 is a set of 

nonlinear functions that form a system of equations, where each 𝑓𝑖(𝑥) is one equation in the system. The function 

vector is written in column form to maintain consistency with the mathematical representation in numerical analysis. 
The Levenberg–Marquardt method combines the convergence speed of the Gauss–Newton method with the stability 

of gradient descent through the use of a damping factor λ, allowing the algorithm to adaptively adjust its iterative 

behavior when dealing with complex functions, ill-conditioned conditions, or when the starting point is far from the 
solution root. This approach results in a more stable and efficient iterative process for obtaining solutions to multivariable 
nonlinear systems of equations [35]. The Levenberg–Marquardt update incorporates a damping factor to balance the 
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Gauss-Newton and gradient descent approaches. The solution correction at each iteration is determined by Equation 
5: 
 

(𝐽𝑇𝐽 + 𝜆𝐼) Δ𝑥 = −𝐽𝑇𝑓(𝑥) (5) 
 

Where J is the Jacobian matrix containing the partial derivatives of each function 𝑓𝑖(𝑥) with respect to variable 

𝑥𝑗 , 𝜆 > 0 is the damping factor that regulates the stability of the solution correction a large value of 𝜆 makes the method 

more similar to gradient descent (stable but slow), while a small value of 𝜆 makes the method more similar to Gauss–

Newton (fast when close to the solution). The identity matrix 𝐼 is used to stabilize the linear system, and 𝛥𝑥 is the 
correction value of the variable at each iteration. This adaptive approach makes Levenberg–Marquardt very reliable for 
solving multivariable nonlinear systems with complex function structures or initial conditions that are far from the solution 
[27].  
 
2.4 Nonlinear Equation System 

The simulation in this study involves three multivariable nonlinear equations, which are formulated as shown in 
Equation 6: 
 

𝑁𝑜𝑛𝑙𝑖𝑛𝑒𝑎𝑟 𝐸𝑞𝑢𝑎𝑡𝑖𝑜𝑛𝑠: {

     𝑓1(𝑥, 𝑦, 𝑧) = 𝑠𝑖𝑛(𝑥) + 𝑐𝑜𝑠(𝑦) + 0.4𝑧 − 1 = 0

𝑓2(𝑥, 𝑦, 𝑧) = 𝑒0.3𝑦 + 0.2𝑥 − 𝑧2 − 1 = 0

𝑓3(𝑥, 𝑦, 𝑧) = 𝑥2 − 𝑦2 + 0.5𝑧2 − 1 = 0

 (6) 

 
The simulation in this study uses three multivariable nonlinear equations that combine trigonometric, exponential, 

and polynomial elements, resulting in complex nonlinear interactions between variables. The diversity of these types of 
functions allows for testing the convergence and accuracy of iterative methods in solving multivariable nonlinear 

equation systems [36]. The initial values  (𝑥0, 𝑦0, 𝑧0) are determined by mapping the graph of each function to identify 

areas where the function value approaches zero, so that iteration starts from a point close to the expected solution and 
increases the likelihood of convergence. 

 
2.5 Research Procedure 

This study followed a series of systematically arranged stages to achieve its objectives. Each step in the process 
was designed to ensure the accuracy and reliability of the results obtained. The complete research procedure is 
illustrated in Figure 1. 

 

 
Figure 1. Procedure of Research 
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Figure 1 shows the systematic stages in the research process aimed at solving nonlinear systems of equations 
through a MATLAB-based numerical approach. The research began with the development of algorithms from three 
iterative methods, namely the Multivariate Newton-Raphson Method, the Newton-Kantorovich Method, and the 
Levenberg–Marquardt Method, based on the results of a literature study, which were then implemented in the form of 
MATLAB scripts. The nonlinear equation system used as the object of study includes polynomial, trigonometric, and 
exponential components. The graphs of each function are used to determine the initial values of the variables 𝑥0 = 1.0, 
𝑦0 = 0.5, and 𝑧0 = 0.2 as the starting points of the iterative process. The simulation was carried out by directly inputting 
the three functions into each method, using an error tolerance of 0.001, a maximum iteration limit of 100, and the 
specified initial values. The iterative process ran until the solution obtained met the convergence criteria. The simulation 
results were observed based on the number of iterations, the root values found, the final error, and the stability of the 
numerical results during the iteration process. Next, the results are visualized in the form of a 3D graph as an indicator 
of the success of the convergence method. All of these stages reflect a strategy for solving numerical problems in 
nonlinear equation systems efficiently and systematically with the help of MATLAB software. This approach ensures 
that iterations have a good chance of convergence, numerical errors are controlled, and simulation results can be 
analyzed objectively to compare the performance of the three iterative methods [37].  

 
3. Results and Discussion 

This section presents the results of the implementation and performance analysis of three numerical methods in 
solving multivariable nonlinear systems of equations using MATLAB, namely Multivariate Newton–Raphson, Newton–
Kantorovich, and Levenberg–Marquardt. Simulations were conducted to compare the effectiveness of each method 
based on the number of iterations, final error value, iterative stability, and convergence pattern towards the solution. 
Each method was applied to the same nonlinear equation system with uniform conditions to ensure an objective 
performance comparison. Numerical results are presented in tables, while visualization of the iteration trajectory 
provides an understanding of the convergence dynamics and iterative behavior characteristics of each method. These 
findings are then analyzed to highlight quantitative and qualitative performance differences, as well as to compare them 
with previous research findings. 
 
3.1 Implementation of MATLAB Script Methods 

The implementation was carried out by executing MATLAB scripts for each numerical method used, namely 
Multivariate Newton–Raphson, Newton–Kantorovich, and Levenberg–Marquardt. Each script ran an iterative process 
in solving the multivariable nonlinear equation system. To maintain objectivity in the comparison, all methods were 
executed with the same initial conditions, namely 𝑥0 =1.0, 𝑦0 = 0.5, and 𝑧0 = 0.2, an error tolerance of 0.001, and a 
maximum iteration limit of 100. Each method was simulated three times to ensure consistency of results. From these 
simulations, the number of iterations, final error values, and numerical solutions achieved were obtained as the basis 
for evaluating the relative effectiveness of each method. The MATLAB script implementation is presented in Table 1. 
 

Table 1. MATLAB Implementation Scripts for Each Numerical Method 

No Method Script MATLAB 

1. 
Multivariate Newton-

Raphson 

for k = 1:max_iter 

    F_val = F_func(xk); 

    J_val = J_func(xk); 

     

    delta = -J_val \ F_val; 

    xk_next = xk + delta; 

     

    err = norm(delta); 

     

    fprintf('%d\t\t%.6f\t%.6f\t%.6f\t%.6e\n', k, xk_next(1), 

xk_next(2), xk_next(3), err); 

     

    if err < tol 

        break; 

    end 

    xk = xk_next; 

end 

2. Newton-Kantorovich 

for k = 1:max_iter 

    x_val = X(1); y_val = X(2); z_val = X(3); 

    F_val = F(x_val,y_val,z_val); 

    J_val = J(x_val,y_val,z_val); 
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    delta = -J_val\F_val; 

    X = X + delta; 

  

    err = norm(delta, inf); 

    fprintf('%d\t\t%.6f\t%.6f\t%.6f\t%.6e\n', k, X(1), X(2), X(3), 

err); 

  

    if any(abs(X) > 1e6) || any(isnan(X)) || any(isinf(X)) 

        fprintf('Solution diverged or invalid. Iteration 

stopped.\n'); 

        break; 

    end 

  

    if err < tol 

        fprintf('Converged in %d iterations.\n', k); 

        fprintf('Final solution: x=%.6f, y=%.6f, z=%.6f\n', X(1), 

X(2), X(3)); 

        break; 

    end 

 Levenberg-Marquardt 

for k = 1:maxIter 

    F_val = F(X); 

    J_val = J(X); 

  

    % LM update: (J^T J + ?I) ? = –J^T F 

    delta = -(J_val' * J_val + lambda * eye(3)) \ (J_val' * F_val); 

    X_new = X + delta; 

  

    % Evaluate new function 

    F_new = F(X_new); 

  

    % Adaptive lambda rule 

    if norm(F_new) < norm(F_val) 

        lambda = lambda / 10; 

        X = X_new; 

    else 

        lambda = lambda * 10; 

    end 

  

    % Error 

    err = norm(delta, inf); 

    fprintf('%d\t%.6f\t%.6f\t%.6f\t%.6e\n', k, X(1), X(2), X(3), 

err); 

  

    % Convergence check 

    if err < tol 

        fprintf('\nConverged in %d iterations.\n', k); 

        fprintf('Solution: x=%.6f, y=%.6f, z=%.6f\n', X(1), X(2), 

X(3)); 

        break; 

    end 

 
The three scripts demonstrate the solution update mechanism through correction vector calculations based on 

functions and Jacobian matrices. The Multivariate Newton–Raphson and Newton–Kantorovich methods use a system 
linearization approach through Jacobian to determine the iteration correction direction, while Levenberg–Marquardt 
adds a damping parameter (𝜆) to improve stability when Jacobian conditions are unfavorable or approaching singularity 
[37]. These differences in update strategies not only affect convergence speed, but also the level of numerical stability 
with respect to initial conditions and the characteristics of the nonlinear system being solved, thus forming the basis for 
a comparative analysis of the efficiency, robustness, and sensitivity of each method. 
 
3.2 Simulation Results 

After conducting three simulations for each method, comparative data was obtained representing the 
performance of Multivariate Newton–Raphson, Newton–Kantorovich, and Levenberg–Marquardt in solving the tested 
nonlinear equation system. The simulation results include the number of iterations required to achieve convergence, 
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the final numerical solution, and the final error value obtained for each method. A summary of the computational results 
is presented in Table 2. 

 
Table 2. Simulation Results 

No Method Iteration 𝑿 𝒀 𝒁 Error 

1 Multivariate Newton-Raphson  13 1.452 1.121 -0.854    4.606×10−9 

2 Newton-Kantorovich 27 2.654 1.215 -0874    5.770×10−7 

3 Levenberg-Marquardt 6 1.362 1.163 -0841    3.246×10−10 

 
Based on Table 2, the Multivariate Newton–Raphson method converged in 13 iterations. The numerical solution 

obtained was 𝑥 = 1.452, 𝑦 = 1.121, and 𝑧 = -0.854 with a final error value of 4.606×10⁻⁹. This very small error value 
indicates that this method is capable of producing a root approximation of the system with a high degree of precision 
and good iterative stability. The Newton–Kantorovich method requires 27 iterations to reach convergence. The final 

solution obtained is were  𝑥 = 2.654, 𝑦 = 1.215, and 𝑧 = -0.874, with a final error of 5.770×10⁻⁷. Although the error 
value is still within the specified tolerance limit, the relatively higher number of iterations indicates that the process of 
adjusting the correction direction to the nonlinear characteristics of the system is more gradual than other methods. 
Meanwhile, the Levenberg–Marquardt method showed the most efficient performance with only 6 iterations. The 

numerical solution obtained was 𝑥 = 1.362, 𝑦 = 1.163, and 𝑧 =  -0.841, with a final error value of 3.246×10⁻¹⁰, which 
was the smallest error among the three methods. These results indicate that the adaptive damping mechanism used is 
capable of maintaining stability while accelerating the convergence process towards the root of the system. 

Overall, based on the number of iterations and the level of solution precision, the Levenberg–Marquardt method 
showed the best performance, followed by Multivariate Newton–Raphson, while Newton–Kantorovich required a 
relatively longer iterative process. This difference in performance reflects the influence of the Jacobian update strategy 
and the correction mechanism on the convergence dynamics of the multivariate nonlinear equation system [38].  
 
3.3 Convergence Visualization 

As a continuation of the implementation process of three numerical methods in solving multivariable nonlinear 
equation systems, a graphical visualization is presented that illustrates the iteration path towards the solution for each 
method, namely Multivariate Newton–Raphson, Newton–Kantorovich, and Levenberg–Marquardt. This visualization 
aims to provide a more comprehensive understanding of the dynamics of root search and convergence behavior 
characteristics in three-dimensional space. The graphical representation displays the intersection points of three 
function surfaces as the solution to the system, while also showing the differences in the solution search patterns 
produced by each method. The visualization results can be observed in Figure 2, Figure 3, and Figure 4. 
 

 
Figure 2. Visualization of the Multivariate Newton-Raphson Method Solution 

 
Figure 2 shows a three-dimensional visualization of the solution to a nonlinear system of equations using the 

Multivariate Newton–Raphson method. The three surfaces, colored red, green, and blue, represent the sets of points 
that satisfy the equations f₁(𝑥, 𝑦, 𝑧) = 0, 𝑓₂(𝑥, 𝑦, 𝑧) = 0, and 𝑓₃(𝑥, 𝑦, 𝑧) = 0, respectively. The root points of the system 
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are indicated as the intersection points of the three surfaces. The graphics show that the surfaces have uneven contours 
with significant slope changes in the −𝑥 and −𝑧 axes, requiring an iterative method capable of dynamically adjusting 
the direction of the solution search. Multivariate Newton–Raphson, which updates the Jacobian at each step, produces 
a relatively direct iteration path and precision following the surface geometry. This pattern reflects the method's ability 
to respond quickly and directionally to changes in local gradients [21], [31]. 

 

 
Figure 3. Visualization of the Newton-Kantorovich Method Solution 

 
Figure 3 shows a three-dimensional visualization of the solution to a nonlinear system using the Newton–

Kantorovich method, where the red, green, and blue surfaces represent the solution sets of 𝑓₁(𝑥, 𝑦, 𝑧) = 0, 𝑓₂ (𝑥, 𝑦, 𝑧) =
0, and 𝑓₃(𝑥, 𝑦, 𝑧) = 0, with their intersection point representing the root of the system. The surfaces appear to have 

sharp gradient changes, especially around the −𝑧 axis area, so that the path to the root requires direction adjustments 
that are sensitive to contour changes. Unlike Newton–Raphson, the Newton–Kantorovich method uses a Jacobian 
approach that is fixed or semi-fixed at certain intervals, so that the iteration path does not appear to lead directly to the 
intersection point. The search path tends to be more winding and undergoes several directional corrections before 
approaching the solution. This pattern reflects the semi-local convergence characteristics of the Newton–Kantorovich 
method, which emphasize stability over rapid directional adjustment [33]. 

 

 
Figure 4. Visualization of the Levenberg–Marquardt Method Solution 
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Figure 4 shows a three-dimensional visualization of the solution to a nonlinear system of equations using the 
Levenberg–Marquardt method. The three red, green, and blue surfaces represent the solution sets of 𝑓₁(𝑥, 𝑦, 𝑧) =
0, 𝑓₂(𝑥, 𝑦, 𝑧) = 0, and 𝑓₃(𝑥, 𝑦, 𝑧) = 0, respectively, with the intersection points as the roots of the system. The curved 

and sharply changing surface contours, especially along the −𝑧 axis, illustrate the complexity of the nonlinear structure 
that must be traced. Through the adaptive damping mechanism, the iteration direction becomes more stable and 
controlled in following gradient changes. The search path appears more directed with minimal deviation, indicating that 
the combination strategy between the Gauss–Newton and gradient descent approaches is able to maintain a balance 
between stability and convergence speed on surfaces with high curvature [25]. 

Overall, the visualizations in Figures 2, 3, and 4 reinforce the analytical interpretation of the iteration trajectory 
characteristics of each method. The more direct trajectory patterns reflect adaptive gradient responses, while the more 
winding trajectories indicate a gradual correction process. Thus, this graphical analysis not only serves as a visual 
illustration, but also provides qualitative validation of the convergence dynamics of each method in handling 
multivariable nonlinear systems. 
 
3.4 Discussion 

The results show that the differences in performance between the three methods are mainly determined by the 
Jacobian update strategy and iterative correction mechanism used. Levenberg–Marquardt was the most superior 
method with 6 iterations and a final error of 3.246 × 10⁻¹⁰, which was the best value in all test scenarios. This superiority 
stems from the adaptive damping mechanism that dynamically controls the transition between the gradient descent and 
Gauss–Newton approaches [13]. This strategy keeps the method stable in the early stages of iteration and accelerates 
convergence when approaching the root. These results not only demonstrate higher numerical efficiency but are also 
consistent with findings [38] and [39] stating that parameter-adaptive Newton modifications can improve convergence 
rates without sacrificing stability. Compared to the other two methods in an identical system and under the same 
computational conditions, Levenberg–Marquardt shows the most optimal balance between speed and precision. 

Multivariate Newton-Raphson shows competitive performance with 13 iterations and an error of 4.606 × 10⁻⁹. 
Theoretically, its quadratic convergence provides significant acceleration when the Jacobian is well-defined and the 
initial value is close enough to the solution. This advantage is in line with reports [24] and [40], which show 62–84% 
greater efficiency compared to the Secant and Steffensen methods, and is supported by [41], which note an average 
speed 64% higher than Fixed-Point Iteration at a tolerance of 0.001. However, in the context of nonlinear systems with 
complex function interactions, the absence of an adaptive damping mechanism makes this method more sensitive to 
extreme curvature and the potential for singular Jacobian conditions. This explains why the final precision is still below 
that of Levenberg–Marquardt despite theoretically having a quadratic convergence rate. 

Newton–Kantorovich showed the highest number of iterations, namely 27 iterations with an error of 5.770 × 10⁻⁷. 
Analytically, the semi-local approach used provides broader convergence guarantees, but causes the gradient 
correction to take place gradually, thereby reducing efficiency. This finding is consistent with [42], [43], [44], which report 
a need for 30–50% additional iterations compared to Newton-Raphson to achieve the same tolerance. In relatively 
smooth and moderately dimensional test systems, this theoretical advantage does not result in significant computational 
gains. Thus, this method is more relevant in cases with highly sensitive function structures or when theoretical stability 
takes priority over convergence speed. 

Overall, the results of this study show that the advantages of Levenberg–Marquardt are not merely minor 
numerical differences, but rather a direct consequence of its adaptive algorithmic design. The evaluation was conducted 
within an integrated simulation framework with identical initial conditions, tolerances, and iteration limits, allowing for an 
objective comparison free from configuration bias. This approach provides significant empirical contributions because 
most previous studies compared methods in different configurations. Therefore, these findings have practical value in 
determining the most efficient and stable iterative method for multivariable nonlinear equation systems in modern 
numerical computation. 

 
4. Conclusion 

Based on the results of numerical simulations and computational analysis, Levenberg–Marquardt proved to be 
the most accurate and efficient method for solving multivariable nonlinear equation systems, as demonstrated by the 
smallest number of iterations and the smallest final error compared to the other two methods. Newton–Raphson 
Multivariate showed competitive performance when the Jacobian matrix was consistently updated and the initial value 
was close enough to the root of the system, while Newton–Kantorovich required more iterations due to the semi-local 
approach used, despite offering broader theoretical stability guarantees. The main contribution of this research lies in 
the comparative evaluation under identical initial conditions, error tolerances, and iteration limits, resulting in an 
objective and controlled comparison of accuracy and efficiency. These findings provide a more robust empirical basis 
for selecting iterative methods for multivariable nonlinear systems. This research is limited to medium-dimensional 
systems with relatively smooth functions and initial values close to roots; therefore, further studies are needed on larger-
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dimensional systems, non-smooth functions, and more extreme initial conditions to test the robustness and scalability 
of the method more comprehensively. 
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  J ( x )


  J ( 𝒙 ) = [      ∂   f 1  ∂   x 1  ⋯    ∂   f 1  ∂   x  n   ⋮  ⋱  ⋮     ∂   f  n  ∂   x 1  ⋯    ∂   f  n  ∂   x  n ] .


   x  ( k + 1 ) =  x  ( k ) −   J  − 1  (  x  ( k ) ) ⋅ F  (  x  ( k ) )


    x  ( k )


    x  ( k ) = [   x  ( k ) ,   y  ( k ) ,   z  ( k )  ]  T


  F (   x   ( k ) ) = [   f 1  (   x   ( k ) ) ,   f 2  (   x   ( k ) ) ,   f 3  (   x   ( k ) )  ]  T


    x  ( k )


    J  − 1  (   x   ( k ) )


    x  ( k )


    x  ( k + 1 ) −   x   ( k )  


   x  ( 0 )  


   x  ( k + 1 ) =  x  ( k ) −   J  − 1  (  x  ( 0 ) ) ⋅ F  (  x  ( k ) )


    x  ( k )


  k , J  (   x   ( 0 ) )    


  F  (   x   ( k ) )  


     min  x ⁡    ∥ f  ( x ) ∥ 2 = i =   ∑  i = 1  m  ​   f i ​  ( x ) 2


  x ∈  ℝ  n  


  f ( x ) = [   f 1  ( x ) ,   f 2  ( x ) , … ,   f  m  ( x )  ]  T  


      f  i ( x )


   (   J  T J + 𝜆 I )   Δ x = −   J  T f  ( x )


    f  i  ( x )  


    x  j


  𝜆 > 0  


  𝜆


  𝜆  


  I


  𝛥 x


  N o n l i n e a r   E q u a t i o n s :  {              f 1 ​ ( x , y , z ) = s i n ( x ) + c o s ( y ) + 0 . 4 z − 1 = 0   f 2 ​  ( x , y , z ) =   e  0 . 3 y + 0 . 2 x −   z 2 − 1 = 0   f 3 ​ ( x , y , z ) =   x 2 −   y 2 +   0 . 5 z 2 − 1 = 0 ​ ​


  (   x 0 ,   y 0 ,   z 0 )


    x 0 = 1 . 0


    y 0 = 0 . 5


    z 0 = 0 . 2  


  x 0  


  y 0


  z 0  


  ( 𝜆 )


  𝑿


  𝒀


  𝒁


   10  − 9


   10  − 7


   10  − 10


  x =


  y =


  z =


  10 ⁻ ⁹ .


    x =


  ,     y =


  z =


  10 ⁻ ⁷ .


  x   =


  ,   y  


  z   =    


  10 ⁻ ¹ ⁰


  ₁ ( x , y , z ) = 0 ,   f ₂ ( x , y , z ) = 0


  f ₃ ( x , y , z ) = 0


  − x


  − z


  f ₁ ( x , y , z ) = 0 ,   f ₂   ( x , y , z ) = 0


  f ₃ ( x , y , z ) = 0


  − z


  f ₁ ( x , y , z ) = 0 ,   f ₂ ( x , y , z ) = 0


  f ₃ ( x , y , z ) = 0


  − z

